A new solvable 3-dimensional spin lattice Hamiltonian with inhomogeneous couplings, which can be diagonalized by 3-variable Krawtchouk polynomials, is proposed. The model is defined on the lattice of rectangular pyramid and describes near-neighbor interactions instead of nearest-neighbor ones. Using the properties of 3-variable Krawtchouk polynomials, quantum state transfer in the model is analyzed. In particular, for some value of the parameters, perfect state transfer is shown to occur from the apex to the diagonal plane.
Introduction
To transfer quantum state from one location to another is a fundamental task in quantum information processing and it is desirable that such transfer is realized with high fidelity [1] . XX spin chain is a paradigm example describing qunatum state transfer [2, 3] . Especially, 1-dimensional XX spin chains can be diagonalized by orthogonal polynomials and for specific parameterizations perfect state transfer, transfer from one site to another realized with probability 1, is observed [4] . However, in higher dimensions, it is difficult to observe perfect state transfer and even very few spin lattices are known to be solvable. Recently, 2-dimensional solvable spin lattices have been proposed from bivariate Krawtchouk polynomials and extended notion of perfect state transfer is observed in these models [5] [6] [7] .
Based on these observations, this paper aims to propose 3-dimensional solvable spin lattices from 3-variable Krawtchouk polynomials. Multivariate Krawtchouk polynomials are known to correspond to Lie algebras [8, 9] although their explicit properties are given only in bivariate case. Therefore, we first investigate the properties of 3-variable Krawtchouk polynomials including contiguous relations that play important roles. Then we construct the 3-dimensional spin lattices that can be diagonalized by 3-variable Krawtchouk polynomials and observe quantum state transfer in the models.
The remainder of this paper is organized as follows. In Section 2, one-dimensional XX spin chains and their relationship to orthogonal polynomials are briefly reviewed. In Section 3, definition of 3-variable Krawtchouk polynomials is given and their explicit properties are discussed. In Section 4, 3-dimensional generalized XX spin chain Hamiltonian is proposed and quantum state transfer in this model is analyzed in detail. Finally, concluding remarks are given in Section 5.
1-dimensional XX spin chain and orthogonal polynomials
Consider the Schrödinger equation on (C 2 ) ⊗N +1 :
where |ϕ⟩ : R → (C 2 ) ⊗N +1 is a normalized state and we parametrize time so that ℏ = 1 in what follows. Then the Hamiltonian of 1-dimensional XX spin chain will be taken of the form
with J 0 = J N +1 = 0 and σ l be the Pauli matrices acting on the labelled site. The constant J l is a coupling constant between site l and l + 1 and B l is a strength of the magnetic field at site l. It is straightforward to see that the Hamiltonian H is invariant under rotations about the z axis and thus holds the preservation law of the total number of spins that are up:
Indeed, for one-excitation basis
one finds
Therefore, on subspace spanned by such one-excitation basis, the Hamiltonian H is equivalent to a tridiagonal matrix which can be diagonalized by orthogonal polynomials [10] . Especially, in case
corresponding to Krawtchouk polynomials, 1-excitation spin dynamics can be exactly calculated and perfect state transfer is theoretically observed [4] :
3-variable Krawtchouk polynomials
For simplicity, we introduce the special matrix
and notation
Using such symbols, notations, 10-parameters u ij (1 ≤ i, j ≤ 3) and N , 3-variable Krawtchouk polynomials K l,m,n (x, y, z) are defined by a special case of Aomoto-Gel'fand hypergeometric function [11, 12] :
where
is a standard shifted factorial and the parameters u ij are supposed to satisfy the following relations:
3-variable Krawtchouk polynomials (8) are shown to be orthogonal with respect to the probability function for multinomial distribution:
As univariate and bivariate Krawtchouk polynomials satisfy contiguous relations, 3-variable Krawtchouk polynomials satisfy the following 13-term contiguous relations.
Proposition 1 For arbitrary α, β, γ, there exist some constants {f
where We will also give the generating function of 3-variable Krwatchouk polynomials [11] that shall be used later:
3-dimensional solvable XX spin lattice Hamiltonian
As is seen in the previous section, there is no nearest-neighbor contiguous relation for 3-variable Krawtchouk polynomials and hence we cannot contstruct 3-dimensional spin latice Hamiltonian with nearest-neighbor couplings. In [7] , 2-dimensional generalized XX spin lattice Hamiltonian is proposed by using non-nearest-neighbor contiguous relations for bivariate Krawtchouk polynomials. According to this result, we introduce 3-dimensional generalized XX spin lattice Hamiltonian defined on the lattice of rectangular pyra- 
with the boundary conditions
One can easily find that the Hamiltonian also preserves the total number of spin that are up:
In what follows, we restrict H to the subspace spanned by 1-excitation basis
where E l,m,n is a third-order tensor matrix with a 1 at the (l, m, n) entry and zeros everywhere else. Consider the eigenvalue problem
and the expasion of eigenvector |s, t, u⟩ in terms of 1-excitation basis:
Substituting (17) into (16), one finds the contiguous relations for the expansion coefficients W l,m,n :
Comparing (18) 
Then the eigenvalues of the Hamiltonian H on 1-excitation subspace are explicitly given by
and the expansion coefficients are given in terms of (orthonormal) 3-variable Krawtchouk polynomials:
u). (21)
From the orthogonality relation and duality of the 3-variable Krawtchouk polynomials, one can expand the 1-excitation basis in terms of eigenvectors:
From (16) and (22), it is thus possible to examine the transition amplitude P (l,m,n) (t) for an excitation at the site (0, 0, 0) to be found at the site (l, m, n) after some time t: Using (13), the transition amplitude can be explicitly calculated.
Theorem 3
For the parametrization (19), the transition amplitude P (l,m,n) (t) is given by
From this expression, in the special case, we can observe the generalization of perfect state transfer from the apex to the diagonal plane:
For instance, we take
so that p = q = r =p =q =r = 1/6. The bubbleplot of the transition probability is given in Fig. 1 and such perfect state transfer is seen at t = π. As is seen in Theorem 2, the parametrization corresponds to the contiguous relation (12) 
one can find that the spectra of the corresponding Hamiltonian (14) are
and the eigenvectors are given also by 3-variable Krawtchouk polynomials K l,m,n (s, t, u) with
which amounts to p = q = 1/3, r = 1/6 andp = 1/6,q = r = 1/3. The bubbleplot of the transition amplitude with (27) is given in Fig. 2 . Interestingly, one can observe not only the perfect state transfer as in the previous case at t = π/2 but also another perfect state transfer from the apex to another plane at t = π.
Concluding Remarks
In this paper, we have proposed the new 3-dimensional spin lattice Hamiltonian that can be diagonalized by 3-variable Krawtchouk polynomials. Unlike the bivariate Krawtwhouk polynomials, we have found that there exists no nearest-neighbor contiguous relation for generic 3-variable Krawtchouk polynomials. The proposed Hamiltonian thus has the near-neighbor interactions in addition to the nearest ones. Examining the 1-excitation dynamics on this model, the generalization of the perfect state transfer from the apex to the diagonal plane is realized. Furthermore, in some special case, another perfect state transfer from the apex to another plane is simultaneously realized. Such situation does not occur in [5] [6] [7] . We trust this communication will allow further exploration of phenomena inherent to quantum walks in higher dimensions. 
